Abstract. Let R be a commutative Noetherian ring of prime characteristic and M be an x-divisible right R[x, f ]-module that is Noetherian as R-module. We give an affirmative answer to the question of Sharp and Yoshino in the case where R is semi-local and prove that the set of graded annihilators of R[x, f ]-homomorphic images of M is finite. Next we give a counterexample in general case.
Introduction
Throughout this note, R is a commutative Noetherian ring of prime characteristic p > 0 with identity. Also f : R → R is the Frobenius endomorphism which raises each element r ∈ R to it's pth power. Let x be an indeterminate. By Frobenius endomorphism we can endow the free R-module generated by (x i ) i∈N 0 with a ring structure such that xr = f (r)x = r p x. The result is called the Frobenius skew polynomial ring. we denote it by R[x, f ]. We can consider R[x, f ] as a positivelygraded ring i∈N 0 Rx n .
When R is a local ring with maximal ideal m, the top local cohomology module of R with respect to m has a left R[x, f ]-module structure. In [1] Rodney Y. Sharp have used this structure to study the existence of the tight closure test element and parameter test element in certain cases. In order to accomplish these results, he introduced the graded annihilators of left R[x, f ]-modules.
The graded annihilator of a left R[x, f ]-module H is the largest graded two-sided ideal of R[x, f ] contained in ann R[x,f ] H. In [1] Sharp proved that if H is an x-torsionfree left R[x, f ]-module that is Noetherian or Artinian as R-module then the set of graded annihilators of it's R[x, f ]-submodules is finite. Assume that R is a F -finite ring and I is an injective R-module. Let M be a right R[x, f ] module and H be a left R[x, f ]-module. In [2] Sharp and Yushino have shown that H ∨ = Hom R (H, I) has a right R[x, f ]-module structure and M ∨ = Hom R (M, I) has a left R[x, f ]-module structure. Furthermore, the natural evaluation map ω H : 
The graded annihilator of M is defined as follows:
In fact, graded annihilator of M is the largest graded two-sided ideal of
iv) There exists a one-to-one order preserving correspondence Γ between graded annihilators of R[x, f ]-homomorphic images of M and special submodules of M given by 
and hence r ∈ a 0 . So a 0 is a radical ideal. In order to finish the proof we need to show that a n ⊆ a 0 for each n ∈ N. Let a n ∈ a n . We have M (a n x n ) = 0, so that (M a p n −1 n )(a n x n ) = 0. Therefore (M x n )a n = 0 and hence M a n = 0. Thus a n ∈ a 0 .
We will denote the set of the special M -ideals of M by I(M ). Also we will denote I(M ) Spec(R) by I s (M ).
Then there exists a one-to-one order-preserving correspondence between I(M ) and the the set of the special submodules of M .
. . p n is a minimal primary decomposition of b with n ≥ 2 and that U and V are two non-empty disjoint subsets of {1, . . . , n} such that their union is {1, . . . , n}. Let a = i∈U p i and c = i∈V
iii) The corresponding M -special ideal to L is a; So that a ∈ I(M ).
. it is easy to verify that
For the reverse inclusion, let r ∈ 0 : (pR[x, f ]) ). Hence
). In order to show that p ∈ I s (M ) we need to prove that p = 0 :
for some radical ideal c such that c = 0 : R ( For the converse suppose that p ∈ {p ′ ∈ I s (M ); a p ′ }; So that we have Proof. Suppose, to the contrary, that I s (M ) has infinitely many maximal members and {p i } i∈N is a countable set of it's maximal members. It follows that
→ 0 and induction we can deduce that
We denote the Matlis-duality functor Hom R (−, E( R m )) by (−) ∨ and also the composition of the R-homomorphisms
It is easy to verify that the diagram Proof. By Corollary 1.9 we only need to prove that I s (M ) is finite. Suppose the contrary, that it is infinite and let dim(R) = t. By the previous theorem I s (M ) has only finitely many maximal members. If t = 0, then each member of I s (M ) is maximal which is a contradiction. So t > 0. Let M 0 = M and a 1 be the intersection of the maximal members of I s (M ). By Remark 1.7(i), a 1 ∈ I(M ). We claim that 0 : R M = a 1 .
Suppose that contrary, 0 : R M = a 1 . Then the intersection of maximal members of I s (M ) is the unique minimal primary decomposition of 0 : R M . Assume that q ∈ I s (M ) and {p i } n i=1 are maximal members of I s (M ) and J = {i ∈ N; 0 ≤ i ≤ n, q p i }.
As q is a prime ideal of R which contains 0 : R M we have J = ∅. But
Hence q is a maximal member of I s (M ). Thus each member of I s (M ) is maximal and this contradicts that I s (M ) is infinite.
. By Theorem 1.11 we have
and I s (M 1 ) has infinitely many members. Assume that, by induction, we have constructed the
and I s (M t ) has infinitely many members. As before, let a t+1 be the intersection of maximal members of I s (M t ) and
There exists a maximal member of I s (M t ), say p t such that p t+1 p t . Proceeding in this way we can make an ascending chain of prime ideals of R of length t + 1 which is a contradiction. for all m ∈ M and s ∈ R\m.
, by applying Theorem 1.10, we can deduce that
is infinite which contradicts previous lemma.
The second claim follows from the first after localization at maximal members of I s (M ). 
The Frobenius map can be used to endow A with a left A-module structure, denoted by F (A), such that b.a = b p a for all a, b ∈ A. We define the map h :
It's straightforward to check that h is an A-homomorphism which splits the exact M and, by Theorem 1.11, I s (M 1 ) has infinitely many members. Suppose that M 0 = M and t ≥ 1 and we have constructed M t such that M t M t−1 and I s (M t ) has infinitely many members. Take a maximal member p t of I s (M t ). Let M t+1 = M t (p t R[x, f ]). So M t+1 M t and I s (M t+1 ) has infinitely many members. Hence by induction, we have constructed a strictly descending chain of R-submodules of M which is a contradiction.
